The contribution of thermal fluctuations to the widths of isoscalar giant multipole resonances (GMR) in heated nuclei is studied. Starting from the collisional kinetic equation, it is shown that an additional contribution to the nuclear friction and the corresponding GMR widths arises due to the nonlinear dissipativity effect. It is also shown that the magnitude of the contributions of the thermal fluctuations to the nuclear friction coefficient and the GMR widths do not exceed ∼ 20%.
I. INTRODUCTION
In general, the damping of collective excitations in a cold finite Fermi system, e.g. the width of a giant multipole resonance (GMR) in cold nuclei, is determined by the two-body collisions, the particle-hole energy fragmentation (Landau damping) and the escape width.
The damping in cold nuclei was intensively investigated in both the quantum (RPA like) [1, 2, 3, 4, 5] and the semiclassical (kinetic theory) approaches [6, 7, 8, 9, 10, 11, 12] . The collisional damping is due to the coupling of particle-hole excitations to more complicated states. In the kinetic theory, this type of damping is simulated by the collision integral and leads to a collisional component of the intrinsic width of the collective eigenstates. The fragmentation width is caused by the interaction of particles with the time-dependent selfconsistent mean field. This contribution to the intrinsic width does not reflect a motion of the system toward the thermal equilibrium but indicates rather a redistribution of the particle-hole excitations in the vicinity of the collective state. In a hot system an additional contribution to the damping of the collective excitations arises through thermodynamic fluctuations of the corresponding collective variables because of the fluctuation-dissipation theorem. In this context, one of the most important open problem is the behavior of the GMR width in hot nuclei as a function of the temperature T . There are two essential different sources for the T -dependence of the GMR width. The first one is given by the thermal contribution to the damping width from an increasing nucleon-nucleon collision rate (2p2h excitations) plus a Landau spreading due to thermally allowed ph transitions [3, 4, 13, 14, 15, 16] . In the second one a temperature increasing of the width is caused by the coupling of the GDR to the thermal shape fluctuations of the nucleus [17, 18, 19] . In the present work, we study a new effect of the influence of the thermal shape fluctuations of the nucleus on the damping of the collective motion caused by the nonlinear dissipativity appearing in the higher order variations of the collision integral. We point out that in the commonly used linear order of the variation of the collision integral, the thermal fluctuations do not lead to dissipation (viscosity) in the macroscopic equations of motion because the following ensemble smearing of the kinetic equation washes out the fluctuation terms from the final macroscopic equations of motion. This paper is organized as follows. In section II we suggest a proof of the Langevin equation for nuclear local variables (particle density, velocity field and pressure tensor), starting from the collisional kinetic equation. We perform a high order expansion of the collisional integral and derive the non-Markovian pressure tensor to the Navier-Stokes-like equation of motion. In section III we carry out the ensemble averaging and reduce the local equations of motion to the macroscopic form and derive the macroscopic response function. In the derivations, the main features of the dynamical distortion of the Fermi surface are taken into account. Results of numerical calculations are presented in section IV. We conclude and summarize in section V. The Appendixes provide a derivation of the high order variations of the collision integral with respect to the variation of the phase space distribution function.
II. LOCAL EQUATIONS OF MOTION
We will start from the collisional kinetic equation in the following form [20] 
Here, f ≡ f ( r, p, t) is the Wigner distribution function, V ≡ V ( r, p, t) is the self-consistent mean field, → F ext is the external driving force and δSt[f ] is the collision integral which takes into account the memory effects [21] . The random variable y ≡ y( r, p, t) in Eq. (1) represents the random force. As such, its ensemble average vanishes, y = 0. To reduce Eq. (1) to closed equations of motion for the macroscopic collective variables we will follow the nuclear fluid dynamic approach [22, 23, 24, 25, 26] and take into account the dynamic Fermi-surface distortion up to multipolarity l = 2. Evaluating the first three moments of Eq. (1) in the p space, we reduce Eq. (1) to the hydrodynamic-like equations of motion for particle density ρ, velocity field → u and the pressure tensor P αβ (for details, see Ref. [27] )
and
Here,
is the spin-isospin degeneracy factor, Q αβ is associated with dissipative processes
and y αβ gives the contribution from the random force
In Eqs. (2) to (4) and in the following expressions, repeated Greek indices are to be understood as summed over. The pressure tensor P αβ can be written as
where
δf 2 ≡ δf 2 (r, p; t) is the small quadrupole deviation of the distribution function f from the one in equilibrium, f eq ≡ f eq ( r, p), and P eq is the pressure due to the Fermi motion of the nucleons in the ground state of the nucleus. Assuming the Thomas-Fermi approximation for f eq , one has
where ρ eq ≡ ρ eq ( r) is the particle density in equilibrium. Using Eq. (8) we will rewrite Eq.
(4) as
and the operatorL is defined bŷ
To evaluate the tensor Q αβ in Eq. (10) we will use the collision integral in the following general form [20] δSt
where w({ p j }) ≡ w( p 1 , p 2 ; p 3 , p 4 ) is the spin-isospin averaged probability for two-body scat-
is the Pauli blocking factor,
, with ǫ j = p 2 j /2m + V (r j ) being the single-particle energy. In performing the variation of the Pauli blocking factor Q({f j }) with respect to δf , we will keep all the terms, up to the third order in δf . The collision integral then takes the following form (see Appendix A)
where δSt n is the variation of the collision integral δSt in the n-th order of δf . Considering
Eqs. (6) and (14), the tensor Q αβ can be written as
αβ is due to the contribution of δSt n in Eq. (6) . The first order term Q
αβ is simplified as [28] Q (1)
where τ 2 is the two-body relaxation time in the case of quadrupole deformation of the Fermi surface. The higher order terms Q
αβ and Q
αβ can be reduced to the following forms (see Appendix A, Eqs. (A18) and (A30))
where the quantities ζ and ξ are deduced from the collision integral (see Appendix A, Eqs.
(A19) and (A31)) and
To simplify the derivations, we will introduce the operatorN aŝ
Equation (10) is then rewritten as
We will look for a solution of Eq. (20) in the following form
Here, the tensor P
αβ is obtained as a solution to the following linear differential equation [29] ∂ ∂t P
and it is given by the following non-Markovian form
The tensor P
in Eq. (21) satisfies the nonlinear differential equation
To solve Eq. (24), we will use the iteration procedure. The first order iteration P
and the second iteration is given by
Below, we will apply Eqs. (2) to (4) to the small-amplitude vibrations of the particle density δρ near the equilibrium. We point out that we do not assume the velocity field u to be small.
Finally, taking into account the above mentioned derivations we will rewrite Eq. (3) as
where ε is the particle energy density.
III. ENSEMBLE AVERAGING AND MACROSCOPIC RESPONSE
Let us introduce the displacement field χ related to the velocity field u by u( r, t) =˙ χ( r, t),
where the dot denotes a time derivative. For the displacement field we will assume the following separable form χ( r, t) = β(t) v( r). Using this separable form of χ( r, t), we reduce Eq. (27) to the equation of motion for the collective variable β(t) in the presence of the external field F ext (t) and the random force y(t) (see Appendix C, Eq. (C1)). Below, we will look for the response of a nucleus to the periodic external field F ext (t) = F ω exp(iωt).
Because of the random force y(t) in Eq. (C1), we will separate the description of the collective motion into two parts with β(t) = β(t) + δβ(t). The first motion is related to the driving force F ext (t) and it is associated with the velocity˙ β. The second one is due to the random force y(t) with the velocity δβ. We will assume that |δβ| ≫ |˙ β|. Performing the ensemble averaging, one can write
We will also assume the following ergodic property for the correlation function
[30], Ch.12,
The Fourier component, δβ (C1) is significantly simplified in the case of a Fermi distribution for the equilibrium distribution function f eq and assuming β(t) = β(t) = β ω exp(iωt), we reduce Eq. (C1) to the following form
Considering the nuclear isoscalar quadrupole mode, we will assume an irrotational motion with the displacement field v( → r ) given by [31] v(
and the time dependent radius of the nucleus given by
In this particular case the calculation of the coefficients A 1 and A 4 from Eqs. (C4) and (C7) gives: A 1 = 16A 0 (mP eq ) 2 /ξ and A 4 = 12A 0 . The mass coefficient B of Eq. (C2) for the displacement field of Eq. (32) is given by
where A is the nuclear mass number. Let us introduce the collective response function χ(ω)
Using Eqs. (31) and (33), we obtain from Eq. (35)
We have also used the following notations
We point out that the additional contribution to the stiffness coefficient C ′ (ω) in Eq. (37) is caused by the distortion of the Fermi surface [29] . The expression (36) can be rewritten
where we have introduced the following notations for the additional components of the relaxation coefficient and the squared frequency ω
Note that above, ω is real. Finally, the macroscopic strength function S(ω) = −Imχ(ω) is given by
Both the additional spreading ∆γ and the resonance shift ∆ω 0 appear in the strength function (43) due to the nonlinear dissipativity effect.
IV. NUMERICAL RESULTS AND DISCUSSION
We have performed the numerical calculations assuming a Fermi distribution for the equilibrium distribution function of Eq. (30) and adopting the Fermi energy ǫ F = 39 MeV and the nuclear radius R 0 = r 0 A 1/3 with r 0 = 1.12 fm. The higher order relaxation parameters τ ′ = ζ/mP eq and τ ′′ = ξ/(mP eq ) 2 are related to the collision integral and can be evaluated using Eqs. (A19) and (A31) from Appendix A. We point out that in the limit of a cold nucleus, T → 0 and f eq = Θ(ǫ F − ǫ), the corrections τ ′ and τ ′′ take the following simple
where p F is the nucleon Fermi momentum and the scattering probability w 0 = 15π 2h5 /m 3 gα is related to the in-medium cross section σ in of nucleon-nucleon scattering. We use α = 9.2
MeV from [14] , which corresponds to σ in ≈ σ free /2, where σ free ≈ 40 mb is the cross section for the nucleon-nucleon scattering in free space. Note that both relaxation parameters τ ′ and τ ′′ can not be directly interpreted as the corrections to the observable relaxation time.
In particular, the value of 1/τ ′′ does not equal to zero in the ground state of the nucleus. The relaxation parameters τ ′ and τ ′′ determine the contribution of the viscous tensors Q
αβ and Q (3) αβ (see Eq. (17)) to the local equations of motion and both tensors Q (2) αβ and Q (3) αβ disappear in the ground state. We also point out that the relaxation parameters τ ′ and τ ′′ as well as and τ ′′ . For the relaxation time τ 2 , we have used the expression from Ref. [14] which takes into account the memory effects. Namely,
As seen from Fig. 2 , the value of τ 2 /τ ′ is relatively small over the entire range of the temperature. The value of τ 2 /τ ′′ decreases with the temperature monotonically starting from τ 2 /τ ′′ = 1.16 at zero temperature.
Let us now carry out a numerical study of the additional contribution to the friction coefficient, ∆γ, caused by the nonlinear dissipativity, see Eqs. (40) and (41) and the corresponding contribution to the width Γ of the isoscalar giant quadrupole resonance (GQR).
To apply Eqs. (38) and (41), we have to derive the spectral correlation function δβ
Using the correlation properties of the random force [30] (
we obtain according to the fluctuation-dissipation theorem the following result [32] 
where D is the diffusion coefficient
To evaluate the relative contribution to the collisional width Γ from ∆γ, we will start from the usual case with ∆γ = 0. In this case, the width Γ of the GQR can be obtained from the 
where b S = 17.2 MeV and b C = 0.7 MeV are respectively, the surface and Coulomb energy coefficients appearing in the nuclear mass formula. and approaches the hydrodynamic (liquid drop model) limit E LDM =h C LDM /B at high temperatures. In Fig. 4 we have plotted the temperature dependence of the parameter Eτ 2 /h which determines the sound regime: Eτ 2 /h ≫ 1 for the zero sound (rare collision regime) and Eτ 2 /h ≪ 1 for the first sound (frequent collision regime).
The solid curve in Fig. 4 corresponds to the calculation with the temperature dependence of E given by Fig. 3 . For the dashed line, the phenomenological parametrization of the GQR energy E = E R = 60 · A −1/3 MeV was used. Using Eqs. (38), (41), (47) and (48), one can evaluate the contribution ∆γ to the friction coefficient due to the nonlinear dissipativity.
In Fig. 5 , the value of ∆γ/γ 0 is shown as a function of temperature. The ratio ∆γ/γ 0 equals to zero at T = 0 because ∆γ appears due to the thermodynamical fluctuations of the collective variable β. The ratio ∆γ/γ 0 increases with temperature and reaches a maximum value, which does not exceed ≈ 0.2. In the high-temperature region the ratio ∆γ/γ 0 decreases because the temperature dependence of γ 0 ∼ T 2 is stronger than that of ∆γ ∼ T . For comparison, we have also performed the calculation of the ratio ∆γ/γ 0 using the phenomenological parametrization for the GQR energy E R = 60 · A −1/3 MeV (see dashed line in Fig. 5 ). In this case, the variation of ∆γ/γ 0 with temperature is somewhat stronger. Taking into account the nonlinear dissipativity effects, the collisional width Γ ′ of the GQR is obtained from the solution, in the form ω = Re ω + iΓ ′ /2h, to the secular equation, see Eq. (43),
In Fig. 6 we have plotted the temperature dependence of the widths Γ (dashed lines) and Γ ′ (solid lines) for two choices of the resonance energy: E =h Re ω using Eq. (49) (curves 1) and E R = 60 · A −1/3 MeV (curves 2).
We point out that an increase of the width is more apparent for curves 1 in Fig. 6 because of the temperature dependence of E. The comparison of the solid and dashed lines in Fig.   6 shows that the contribution of the nonlinear dissipative effects to the width Γ does not 
V. SUMMARY AND CONCLUSIONS
Starting from the collisional kinetic equation with a random force and using the pmoments techniques, we have derived the equations of motion of the viscous fluid dynamic for the local values of particle density, velocity field and pressure tensor. The obtained and it is associated with a slow motion having the velocity˙ β. The second (fast) one is due to the random force y(t) with the velocity δβ ≫˙ β. Using the correlation properties of the random force, we have performed the averaging of the macroscopic equation of motion over the fast fluctuations ∼ δβ, reducing the nonlinear dissipativity terms to the form The nonlinear dissipativity effect increases the collisional width of the GMR. Usually the total collisional width of the isoscalar GQR in cold nuclei does not exceed 30-40% of the experimental value and the main contribution to the width is due to the Landau damping.
One can expect that the nonlinear dissipativity effect on the collisional width can lead to a deviation of the temperature dependent width Γ(T ) from the usual Fermi liquid prediction
Unfortunately, at present time, experimental data on the temperature behavior of Γ(T ) of the isoscalar GQR are not available. In this respect, it is more instructive to study the isovector giant dipole resonance where the temperature dependence of Γ(T ) was studied for some heavy nuclei [36, 37] . However our final results for the viscous tensor Q αβ and the relaxation parameters ζ and ξ can not be applied directly to the isovector mode because the dipole distortion of the Fermi surface must be taken into account in the collision integral (13) , in contrast to our case of the isoscalar GMR, see Sect. II. The generalization of our approach to the case isovector modes is now in progress.
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APPENDIX A
As a basic expression for the collision integral δSt[f ] we use Eq. (13) . The second and third variations of Eq. (13) with respect to δf take the following form
where δf (i) ≡ δf ( p i ) and the symbol means a summation over indices i, j, k = 1 ÷ 4 with i = j, j = k, k = i. We will follow the fluid dynamic approach and represent the variation of the distribution function δf in the following form:
We point out that the l = 0 and 1 components of the expansion (A3) do not contribute to the collision integral (13) , reflecting the conservation of particle number and momentum in a collision. The expansion coefficients ν 2m ( r, t) in Eq. (A3) are related to the pressure tensor P ′ αβ of Eq. (9). Using Eqs. (9) and (A3), we obtain
andˆ p = − → p /p is the unit vector. In particular, performing the angle integration in Eq. (A4),
we obtain
where P ′ 0 is given by Eq. (18) . To evaluate the collision integral δSt 2 , we will substitute Eq. (A3) into (A1) and make use of the Abrikosov-Khalatnikov transformation in the following form [20] 
where dΩ = sin θdθdφ, θ is the angle between p 1 and p 2 , φ is the angle between the planes formed by ( p 1 , p 2 ) and ( p 3 , p 4 ), and φ 2 is the azimuthal angle of the momentum p 2 in the co-ordinate system with z-axes along p 1 . We point out that the angle φ varies only from 0 to π because the particles are indistinguishable. Using the transformation (A7) and the relation (see Appendix B)
Here, r ij is given by
and the symbol ... denotes the following average
where cos θ j ≡ (ˆ p j ·ˆ p 1 ), i.e. θ 2 = θ, and
and P l (cos θ) is a Legendre polynomial. Using Eqs. (6), (14), (15) and (A9), we obtain
To exclude the unknown amplitude ν(1) from Eq. (A12), we will calculate the arbitrary partial contribution to the tensor Q
αβ . Using Eq. (A1), we will consider the partial contribution Q (2) αβ,12 to the tensor Q (2) αβ given by
We will assume the isotropic probability scattering w(θ, φ) = w 0 , and apply the AbrikosovKhalatnikov transformation in the following form
where p F is the Fermi momentum. Using Eqs. (A3) and (A14), we transform Eq. (A13) as
Integrating over dΩ 2 in Eq. (A15) and using Eq. (A6), we obtain
Comparing Eq. (A16) with the partial i = 1, j = 2 term of Eq. (A12), we find the relation
Finally, from Eqs. (A12), (A4) and (A17) we obtain
Let us go now to the third order variation of the collision integral δSt 3 of Eq. (A2). Applying
Eqs. (A3) and the transformation (A7) to Eq. (A2) and using the relation (see Appendix
we will reduce the collision integral δSt 3 to the following form
Using Eqs. (6), (14), (15) and (A20), we obtain
Similar to the previous evaluation of the tensor Q
αβ , we will consider the partial term of Eq. (A20) with i = 1, j = 2, k = 3 and the corresponding partial tensor Q (3) αβ,123 which is given by
where we have used the following relation
We will again assume the isotropic scattering probability: w(θ, φ) = w 0 and apply the transformation (A14) to Eq. (A24). The angle integrals over dΩ 2 dφ, appearing in Eq.
(A24), can be transformed as
where we have used the relation [34] 
The result reads
Performing the integration over dΩ 2 dφ in Eq. (A27) and using Eqs. (A17) and (A6), we obtain Q
αβ,123 = − 27 28
Comparing Eq. (A28) with the partial i = 1, j = 2, k = 3 term of Eq. (A22) we obtain the following relation
Finally, substituting Eq. (A29) into Eq. (A22) and using Eq. (A4), we obtain
APPENDIX B
In this Appendix, we will consider some angle integrals which appear in the calculations of the collision integral and its variations. Let us start from the integral
where (Θ j , Φ j ) are the angle coordinates of the momentum vectors p j in the arbitrary coordinate frame (j = 1 ÷ 4) and θ is the angle between the vectors p 1 and p 2 . Using the addition theorem for spherical harmonics [35] 
we find
Here, θ 3 is the angle between p 1 and p 3 . On the other hand, using the direction of p 1 as a polar axis with dΩ 2 = sin θdθdφ 2 where φ 2 is the azimuthal coordinate of p 2 in the new co-ordinate frame, we will rewrite Eq. (B1) as
Here and below the angles Θ i and Φ i are dependent on the angles θ and φ 2 . Comparing Eqs.
(B3) and (B4) and using the orthogonality condition for the Legendre polynomial P l (cos θ)
in Eq. (B4), one obtains the following integral relation
Starting from the integral n ′ (cos Θ 1 )e im ′ Φ 1 P n (cos θ 3 )P n ′ (cos θ 4 ).
Using the representation of the spherical function Y nm (Ω) via the Legendre polynomials 
and collecting Eqs. (B5) and (B9) we obtain the following integral relation
where i, j = 1 ÷ 4. Let us consider finally the integral × P n (cos θ)P n ′ (cos θ 3 )P n ′′ (cos θ 4 ).
Finally, taking into account Eq. (B10) we will generalize Eq. (B14) as
APPENDIX C
In this Appendix we give a proof of the macroscopic equation of motion for the nuclear shape variable β(t) derived by the displacement field as χ( r, t) = β(t) v( r), see Sect. III.
Substituting this separable form in Eq. (27) and multiplying by v α , summing over α, and integrating over r space, we obtain the equation of motion for the collective variable β(t).
Namely,
